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one can transpose Eq. (1) to the axis of symmetry as follows:

TA 0*0 f * [1J o +

C*
L-VO

r*(x) [1 + (dr/dx)*]"* dx
(2)

For the class of bodies considered in this note, namely,
r = xn, Eq. (2) may be expressed as

rJo dx
F*

J o

(3)

Although direct integration of Eq. (3) is not possible (ex-
cept for n ~ 0, |, 1, and 2), some results of a 16-point Gaussian
numerical integration are shown in Fig. 1. [It is noted that
the basic assumption that the body dimension must be much
greater than the boundary layer thickness limits the accuracy
of Eq. (3) at small values of x.] It is possible to examine the
limits of this expression by applying ^Hospital's rule. In-
spection of Eq. (3) reveals that a series expansion is divergent
for values of n greater than 1.0; hence, ^Hospital's rule is
valid in this work for the condition n < 1:

rInn — I =

lim
1 dx

(n < 1) (4)

Rearranging Eq. (4) and applying the rule again, one obtains
the folio wing:

) -1 ^lim
T2D/ X-+a

This equation reduces to

772-2(71-1)1^n* A (n<
n*X*»-»] j

l) (5)

(n < 1) (6)

It is important to note that Eq. (3) is an important param-
eter in laminar aerodynamic heating and laminar shear stress
calculations but is much too cumbersome to be a useful engi-
neering tool. Equation (6), however, is a sufficiently simple
expression to be a useful tool. Also, Eq. (6) yields reason-
ably accurate results well into the area of doubtful validity
of Eq. (3) (at small values of x).

Evaluation of both Eqs. (3) and (6) for n = 0 (cylinder)
and n = 1 (cone) yields

and
/ _ / _ Ql/2TA/ TID — TA/ TZD — o

respectively. These results agree with Mangier's work.

TA may be determined after establishing an adequate
pressure gradient (Newtonian, tangent cone, test data,
etc.) and solving for r2z>. This work, which is beyond the
intended scope of this note, is in progress.
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Circular orbit partial derivatives are presented in
both rotating and nonrotating coordinate systems
for the following cutoff conditions: time, angle,
and downrange distance. The accuracy of pr°pa-
gating errors through the partials depends on the
coordinate system chosen, with the most accurate
propagation being in the polar coordinate system.

I. Introduction

BALLISTIC orbit accuracy analysis involves propagation
of initial errors either in the form of a state vector or in

the form of a covariance matrix through a matrix of partial
derivatives to determine the final error. The partial deriva-
tives depend on the cutoff condition that is determined by the
mission. Examples of cutoff conditions are time (deboost
from orbit at a specified time) and downrange distance (de-
boost from orbit using a satellite mapping device). Pre-
ceding the presentation of the partials are discussions of differ-
ent coordinate systems and the differences between rotating
and nonrotating coordinate systems.

II. Coordinate Systems

A family of curvilinear orthogonal coordinate systems is
illustrated in Fig. 1, where one of the axes is a straight line
normal to the velocity vector, and the other axis passes
through the nominal point perpendicular to the first and con-
sists of an arc of a circle which curves inward toward the
attracting body. These coordinate systems have the com-
mon feature that, about the nominal point, they are all equiva-
lent to first order. Any first-order perturbation analysis
about the nominal point therefore is independent of which
one of this family is chosen and will result in the same matrix
of partials. An initial error propagated in the different
members of the family will result in a locus of possible final
errors, all correct to the first order. An example is illustrated
in Fig. 1. Since the correct final error lies close to the nomi-
nal orbit, and since the curvilinear coordinate system with
radius equal to the radius of the circular orbit follows the
nominal trajectory exactly, this coordinate system will result
in a more accurate prediction of the final error than any of
the other curvilinear coordinate systems. This coordinate
system is the polar coordinate system used in Refs. 1-3.

To show analytically that this solution is identical to the
Cartesian coordinate system (a limiting member of the fore-
mentioned family) used in Refs. 4-6, consider the following
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initial position vectors in the two rotating coordinate systems
obtained from Fig. 2:

RP = rdOd + (r + dr) ?

Re = dxi + (r
(1)

Capital letters will be used for all vectors except for the unit
vectors t, j, r, and 0. Differentiating, dropping the second-
order terms, and considering that the unit vectors rotate with

Rp = (rd6 + udr + cor)0 + (dr —

Rc = (dx + udy + cor) I + (dy — udx)j

Rp = (rd9 + 2co5r - coV50)0 + /2)
(df - 2corS0 - co25r - coV)J

(dy — 2udx — u^dy — co2r)j
The solution is obtained from Newton's law of gravity:

F = mR = -GmMr~*R (3)
Expanding r~3 and dropping the second-order terms,

rp~3 = (r + 5r)~3 ̂  r~3(l — 3r-1 dr)

rc~3 = [a;2 + (r + 57/)2]~3/2 = r~3(l — Sr"1^?/)
By examining Eqs. (1, 2, and 4), it is seen that one set of

(4)
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Fig. 3 Comparison of exact solution with two approxi-
mate solutions

equations can be obtained from the other with the substitu-
tion

dx rdd
dr

ai
(5)

Hence, upon solving the differential equations of Eq. (3), an
identical matrix of partial derivatives will be obtained in
each coordinate system.

It should be noted that the polar coordinate solution can
be transformed into a Cartesian coordinate solution with a
nonlinear set of equations resulting. A comparison (Fig. 3),
used in Ref. 6 to illustrate the inaccuracies of the Cartesian
coordinate solution, shows a marked improvement in accuracy
using the polar coordinate solution.

III. Rotating and Nonrotating Coordinate Systems

The analysis of the partial derivatives can be made in either
a rotating or a nonrotating, otherwise similar, coordinate
system. Different matrices of partials will result, and the
state vector error (X) will be different in each case. The
nonrotating X is that X which would be observed from the
nonrotating coordinate system and consists of the state vector
on the perturbed orbit minus the state vector on the circular
orbit. The rotating X is the state vector of the perturbed
orbit as observed from the nominal point on the rotating
coordinate system. The errors are related by the matrix
equation

dVn = dVr dR =- dRn
 = dRr (6)

where

ro -,-|
L« o J

and n refers to the nonrotating coordinate system and r to the
rotating coordinate system. Equation (6) shows how the
vector dR and its derivative with respect to time (dV) appear
in coordinate systems that differ only in their rotational rate.7

The partials in the rotating coordinate system can be ob-
tained from the partials in the nonrotating coordinate system
or vice versa, by substituting in the expression

_P3 P4

the proper terms from Eq. (6). For example,

P4 1 (8)
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when the partials are expressed in the nonrotating coordinate system.
For either of the coordinate systems illustrated in Fig. 4, the following matrices give the circular orbit time cutoff partials

for rotating and nonrotating coordinate*systems, respectively:

"1 6(sinco£ — coZ)
0 4 - 3 coscoZ
0 6co(cosco£ - 1)
0 3 co sinco£

co ~x(4 sinco£ —
2co~1(l - cosotf)
4 coscoi — 3
2 sinco£

2co 1

co"1 sinco£
— 2 sincei
coscoJ

(9)

"2cosco£ — 1
sinco£
— cosinotf

_co(l — coscof)

2 sinco£ -- 3co£
2 — cosco£
co(cosco£ — 1)
co(3co£ — sinco£)

co"1 (4 sinotf — 3co£)
2co~1(l — coswO
2 cosco£ — 1
3co£ — 2 sinco£

2co~1(cosco£ — 1)"
co"1 sinco£
— sinco£
2 — cosco£

(10)

In addition to being able to derive the nonrotating partials
from the rotating partials by the method of Eq. (8), they can
be derived from the two-body equations of motion expressed
in an arbitrary nonrotating Cartesian coordinate system.8
After differentiation, they can be transformed into the co-
ordinate system illustrated in Fig. 4 by having the initial
point occur on the y axis and then by multiplying the matrix
of partials by the transformation matrix involving 6 = co£.

IV» Angle Cutoff Condition

The foregoing matrices were derived on the basis of time
being the cutoff condition; i.e., the final position on the per-
turbed orbit was determined by having the time on the per-
turbed orbit equal to the time on the nominal orbit. Angle-
dependent partials can be derived on the basis of the final posi-
tion on the perturbed orbit being determined by having the
same range angle as on the nominal orbit (see Fig. 4). In the
coordinate systems illustrated in Fig. 4, the following ma-
trices give the circular orbit partials for the angle cutoff
condition in the rotating and nonrotating coordinate systems,
respectively:

initial nominal point
initial perturbed point
final nominal point
final angle cut-off point
angle cut-off point
time cut-off point

Fig. 4 Coordinate systems and cutoff conditions for circu-
lar orbits
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A final angle cutoff condition (i.e., cutoff on downrange
distance) results in a cutoff point that occurs directly above
the final nominal point, as shown in Fig. 4. Reference 9
contains the nonrotating coordinate system partials for the
final angle cutoff condition. The rotating partials are identi-
cal to the angle partials given in Eq. (11) except for dx-2/dxi —
0, and the nonrotating partials to those in Eq. (12) except
for dxz/dxi = 0 and b#2/<tei = to cos0.

V. Out-Of -Plane Analysis

The out-of-plane analysis is independent of the foregoing
considerations and results in the matrix of partials

= f
~ L-

(13)
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